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Thanks to their immense purity and controllability, dipolar Bose-Einstein condensates are an exemplar for
studying fundamental nonlocal nonlinear physics. Here we show that a family of fundamental nonlinear waves—
the dark solitons—are supported in trapped quasi-one-dimensional dipolar condensates and within reach of
current experiments. Remarkably, the oscillation frequency of the soliton is strongly dependent on the atomic
interactions, in stark contrast to the nondipolar case. Established analytical techniques are shown to not capture the
simulated dynamics. These sensitive waves may act as mesoscopic probes of the underlying quantum matter field.
DOI: 10.1103/PhysRevA.95.063622
Dark solitons are the fundamental nonlinear excitations
of one-dimensional medium with defocusing nonlinearity,
appearing as traveling localized reductions in the field
amplitude. Since first realized in optical fibers [1–3], they
have been observed across plasmas [4,5], water [6], magnetic
films [7], and atomic Bose-Einstein condensates (BECs)
[8–20]. The last system provides a commanding playground
for exploring soliton physics in which the nonlinearity (viz.
atomic interactions) can be precisely controlled in amplitude,
time, and space [21], and almost arbitrary potentials can be
painted [22]. Experiments have studied a host of fundamental
properties, including their collisions [15,16], creation
[8,9,12,13,17], interaction with impurities [20], and decay
[11,18]. Moreover, these “quantum canaries” are touted as
sensitive probes of the mesoscale quantum physics within the
quantum degenerate gas [23].
It is remarkable that the dark soliton, a collective excitation,
behaves to first order as a classical particle with negative
effective mass, acting under the external potential [24,25].
For example, in harmonically trapped BECs, the soliton
oscillates at a characteristic ratio ω/
√
2 of the trap frequency
ω [26–35], as confirmed experimentally [15]. This robust
result, insensitive to the microscopic atomic interactions, is
a signature of matter-wave dark solitons. Here we establish
the form and dynamics of these fundamental structures in
trapped BECs featuring dipole-dipole atomic interactions.
Remarkably, the oscillations become strongly dependent on
the strength and polarization of the dipolar interactions, and an
extended, nonlocal characteristic is evident. We establish these
solutions and their oscillatory behavior, based on one- (1D) and
three-dimensional (3D) mean-field models, and demonstrate
that they are accessible to current experiments.
The last decade has seen a surge of research on dipolar
BECs, as realized through the condensation of vapors of Cr
[36,37], Dy [38,39], and Er [40,41] atoms. On top of the
usual van der Waals (vdW) interatomic interactions, which
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are isotropic and short range, the atoms possess significant
magnetic dipole moments and experience dipole-dipole (DD)
interactions, which are anisotropic and long range [42]. This
has opened the door to studying the interplay of magnetism
with quantum coherence, and local with nonlocal nonlinear-
ities, at the control of atomic physics. Rich phenomena have
been revealed, including recent observations of the quantum
analog of the ferrofluid Rosensweig instability [43,44] and
self-bound three-dimensional droplets [41,45].
We consider a trapped, weakly interacting BEC of atoms
with mass m and permanent magnetic dipole moment μ,
polarized in a common direction, and in the limit of zero
temperature. The atom-atom interactions can be approximated
by the universal pseudopotential [42]
U (r − r′) = 4πh¯
2as
m
δ(r − r′) + μ0μ
2
4π
1 − 3 cos2 
|r − r′|3 . (1)
The first term describes the vdW interactions, characterized
by the s-wave scattering length as ; this is experimentally
tunable through Feshbach resonances under external magnetic
or optical fields [46]. The second term is the DD interaction,
where μ0 is the permeability of free space and  is the
angle between the interatom vector and the polarization
direction. It is useful to define the dipolar length scale as
add = mμ0μ2/12πh¯2. The magic angle m ≈ 54◦, for which
this term reduces to zero, is the crossover from attractive to
repulsive DD interactions. For  > m the dipoles repel while
for  < m they attract. The regime of “antidipoles”, μ2 < 0,
is accessible by tilting and rapidly rotating the polarization
direction [47]; then this angular behavior becomes reversed.
We quantify the interactions through the relative interaction
parameter εdd = add/as [42], where the full range −∞ <
εdd < ∞ is experimentally accessible.
The trapping potential is assumed to be harmonic and
axisymmetric, V = m[ω2zz2 + ω2⊥r2]/2, where ωz and ω⊥
are the axial and radial trap frequencies, respectively. The
polarization is at an angle θ to the z axis (this is different to
 above, which is the polarization angle relative to the vector
between two dipoles). The BEC is described by a (complex)
mean-field wave function (r,t), normalized to the number of
atoms, N , which obeys the dipolar Gross-Pitaevskii equation
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(GPE) [42],
ih¯
∂
∂t
=
[
− h¯
2
2m
∇2 + m
2
(
ω2zz
2 + ω2⊥r2
)+ 4πh¯2as
m
||2
+
∫
Udd(r − r′)|(r′,t)|2dr′
]
, (2)
where Udd denotes the DD term in Eq. (1). In effect, the
BEC experiences an effective potential comprising of the static
external potential, a local potential proportional to the atomic
density arising from vdW interactions, and a nonlocal potential
arising from the DD interactions.
Since dark solitons are dimensionally unstable in 3D
(decaying into vortical structures via the snake instability),
we focus on highly elongated BECs. First, for simplicity, we
work in this quasi-1D limit (ωz 	 ω⊥ and h¯ω⊥ >∼ μ, where
μ is the BEC chemical potential). The 3D wave function 
then approximates the form (r,t) = ψ⊥(x,y)ψ(z,t), where
ψ⊥(x,y) = (l⊥√π )−1 exp{−(x2 + y2)/2l2⊥} is the transverse
ground harmonic oscillator state with characteristic length
l⊥ =
√
h¯/mω⊥. Integrating out the transverse mode leads to
an effective 1D dipolar GPE [48,49], equivalent to Eq. (2)
under the replacements r → z,  → ψ , as → as/2πl2⊥ and
Udd → U0
[
2u−
√
2π (1+u2)eu2/2erfc
(
u√
2
)
+ 8
3
δ(u)
]
,
where u = |z − z′|/l⊥ and U0 = μ0μ2(1 + 3 cos 2θ )/32πl3⊥.
In the absence of dipoles and axial trapping, and for
repulsive vdW interactions (as > 0), the 1D dipolar GPE
reduces to the 1D defocusing cubic nonlinear Schrödinger
equation. This is completely integrable, supporting a family
of dark soliton solutions [24,50] with characteristic density
depression and phase slip. Axial trapping and/or dipolar in-
teractions break this integrability but continue to support dark
solitons (defined broadly) which may be found numerically
[25,26,51–53]. Bright [54–58] and bright-dark [59] solitons
have been predicted in dipolar BECs, although these are quite
distinct from dark solitons.
We can specify a criterion for a dark soliton to exist in
the dipolar BEC. Within the local density approximation,
the interaction terms in the 1D dipolar GPE reduce to
h¯ω⊥[2as − add(1 + 3 cos 2θ )/2]n(z), where n(z) = |ψ |2 is the
axial density profile. Enforcing these net interactions to be
repulsive (positive) leads to the rudimentary criterion to
support dark solitons,
aeff = as
[
1 + εdd
2
(1 − 3 cos2 θ )
]
> 0, (3)
where aeff is an effective s-wave scattering.
We illustrate the dark soliton solutions using the case of
dipoles polarized perpendicular to the z axis (θ = π/2). The
criterion (3) then reduces to as(1 + εdd/2) > 0, or, in terms of
εdd, εdd > −2 for as > 0 and εdd < −2 for as < 0. We only
consider the solutions in these ranges; stable dark solitons
require positive chemical potential μ > 0, the boundary for
which remains close to the criteria specified based on the local
density approximation, Eq. (3). Numerically it can be shown
that larger values of the scattering length bring the boundary
closer to εdd = −2, whereas larger σ pushes this boundary to
smaller values of εdd < −2. Figure 1(a) maps the density n(z)
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FIG. 1. Density profile n(z) of the quasi-1D dipolar BEC (polar-
ization perpendicular to the axis) featuring a central black soliton, as
a function of εdd. The vdW interactions satisfy (a) |β| = 61 and (b)
β = 1500, and the trap frequency ratio ωz/ω⊥ = 0.0025. Only the
regimes satisfying Eq. (3) are shown, with the line aeff = 0 indicated
(yellow dashed line). The color scale is normalized to the peak density
of the soliton-free BEC, n0(z = 0). The roton-unstable regions extend
to εdd = ±∞. (c) Example density profiles, for εdd = −1.7 (blue
dot dashed line), εdd = −74 (red solid line), and εdd = 0 (yellow
dashed line). (d) Soliton-free density profile (solid lines), with the TF
prediction of Eq. (4) overlaid (dotted), for the same εdd values as in
(c).
of the quasi-1D BEC featuring a central black soliton, as a
function of εdd. The vdW interactions, characterized by the
dimensionless parameter β = asNlz/ l2⊥ with lz =
√
h¯/mωz
the axial harmonic oscillator length, are fixed in amplitude
throughout to two characteristic values: a low value |β| = 61,
chosen to show stable solutions for εdd < −2, and a larger
value of β = 1500 where this region is roton unstable. This
black soliton state corresponds to the first excited state of the
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BEC [25], and is obtained by numerical integration of the
1D dipolar GPE in imaginary time (using a Crank-Nicolson
scheme) subject to a π -phase step at the origin.
The background BEC widens as εdd is varied away from
the line aeff = 0, caused by magnetostriction in the playoff
between the vdW and DD interactions. This can be accounted
for within the Thomas-Fermi (TF) approximation, valid for
strong repulsive interactions and based on neglecting density
gradients. Generalizing previous derivations of the Thomas-
Fermi profile of the quasi-1D trapped BEC [60,61] to include
dipoles aligned at an arbitrary angle θ leads to the Thomas-
Fermi density [62],
nTF(z) =
(
l⊥Rz/2l2z
)2
aeff
[
1 − z
2
R2z
]
, (4)
for z  Rz, and nTF = 0 elsewhere, where Rz =
[3aeffNl4z / l2⊥]1/3 defines the Thomas-Fermi half-width
of the BEC. The angular dependence is intuitive: for axially
polarized dipoles (perpendicularly polarized), Rz is smaller
(larger) than the nondipolar case, consistent with a head-to-tail
(side-by-side) alignment shrinking (enlarging) the axial extent
of the cloud. The TF prediction typically agrees very well with
the true profiles [see Fig. 1(d)], with significant deviations
only when the net local interactions become small (aeff → 0).
The background BEC suffers the roton instability (RI). A
trapped dipolar BEC can develop a roton (finite-momentum)
minimum in its excitation spectrum which, for certain param-
eters, can touch zero energy, triggering an instability at finite
momentum [63]. Our quasi-1D BEC has three RI regimes. The
first also arises in the uniform system, as mapped out elsewhere
[51,52]; e.g., in Fig. 1(a) this occurs for εdd >∼ −2 with as < 0.
Two further RI regimes arise for large |εdd| [red bands in
Figs. 1(a) and 1(b)]. For increasing magnitude of β, which can
be achieved through a larger atom number, scattering length, or
considering a more 3D system (increasing trap ratio ωz/ω⊥),
these RI bands encroach toward εdd = 0. Hence, in Fig. 1(b)
there are no stable solutions for as < 0 (β = −1500).
The black soliton appears as a density notch at the origin,
set upon the background BEC. For εdd = 0 and with as > 0
the numerical solution [yellow dashed line in Fig. 1(c)] closely
approximates the product of the exact black soliton solution in
a uniform system [24,50] and the background density nb(z),
i.e., n(z) = nb(z) tanh2(z/ξ ), where ξ = 1/
√
4πn0as is the
healing length at the BEC center. For εdd = 0, and away
from aeff = 0 and the RIs, this approximate form holds, with
as replaced by aeff . However, close to a RI the dark soliton
develops distinctive peripheral density ripples [e.g., red solid
line in Fig. 1(c)], due to the mixing of the roton mode into
this state, and as reported in the uniform system [51–53].
Meanwhile, as aeff = 0 is approached, the soliton broadens
while the background BEC shrinks. While we have focused
on θ = π/2, the behavior is qualitatively similar for all θ > θm
(where θm is the magic angle relative to the z axis), albeit with
shifts in aeff [according to Eq. (3)] and the onsets of the RI.
Meanwhile, for θ < θm the dependence on εdd is effectively
flipped [51,52].
Next we study the oscillation dynamics of the dark soliton
from the initial condition of an off-center black soliton at z0 =
0.5lz, although our findings are insensitive to the initial offset.
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FIG. 2. Density dynamics of a dark soliton in the quasi-1D dipolar
condensate for (a) εdd = −1.7, (b) εdd = 0, and (c) εdd = −5.5. These
values correspond to close to aeff = 0, the nondipolar case, and close
to the roton instability, respectively. Remaining parameters as in
Fig. 1. Time is expressed in units of τ = 1/ωz.
Note that this choice of offset gives 0.01 < z0/Rz < 0.15,
that is, that the soliton is located within the central region
of the condensate, away from the edges. Identical results are
obtained by using the product of the background BEC and
a traveling dark soliton solution from the uniform system
[51,52]. Figure 2 shows three example cases with differing
εdd (close to aeff = 0, the nondipolar case εdd = 0, and close
to a RI). Throughout, the soliton oscillates sinusoidally and
stably through the BEC, with preserved form and oscillation
amplitude. These stable oscillations exist throughout the stable
regime of the background condensate. It is clear, however, that
the oscillation period changes with εdd [even for condensates
with similar sizes and curvatures, cf. Figs. 2(b) and 2(c)].
Furthermore, in Fig. 2(a) there is evidence that the soliton-
sound interactions are activating the dipole mode of the
condensate, an effect which has been studied in nondipolar
condensates [64]. To further explore the influence of dipolar
interactions on the soliton oscillation frequency, Fig. 3 plots
the oscillation frequency ωs of the soliton coordinate (defined
as the point of minimum density) based on the 1D dipolar GPE
for |β| = 61 (red triangles) and 1500 (red circles). For εdd = 0
we recover the established result for the nondipolar system,
ωs ≈ ωz/
√
2 [26]. More generally, ωs varies sensitively with
εdd, deviating by up to 60% from the nondipolar frequency. In
comparison, for εdd = 0, the deviation from ωz/
√
2 is only
significant in the very weakly interacting limit β <∼ 1; for
example, a nondipolar system with comparable condensate
and soliton sizes to Fig. 2(a) oscillates to within 5% of ωz/
√
2.
The scale of this sensitivity is surprising given that the other
collective oscillations—the shape oscillations—in elongated
dipolar BECs vary much more weakly with εdd [see, e.g.,
Fig. 11(a) of Ref. [65]].
In the Appendix we take steps to analytically describe
the dependence of the soliton oscillation frequency on the
interactions, following established techniques. Starting from
063622-3
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FIG. 3. Oscillation frequency of the dark soliton (starting as an
off-center black soliton) based on the 1D dipolar GPE (red circles and
triangles), 3D dipolar GPE (blue crosses and diamonds). The system
parameters are as Fig. 1; the 3D system also assumes 164Dy atoms,
ω⊥ = 2π × 16 kHz and |as | = 50a0, where a0 is the Bohr radius. The
3D system is stable only in the range of markers.
the approximation that the soliton wave function matches
the nondipolar soliton, assuming that the soliton can be
decomposed from the background fluid, and taking a local
density approximation, we repeatedly derive the well-known
result ωs = ωz/
√
2 for this system. We believe the inaccuracy
of the local density approximation is due to the long-range in-
teractions between the soliton and background fluid, negating
the applicability of the separation of the two.
This discrepancy is not accounted for by the effective
mass of the soliton: the denominator of
√
2 in the predicted
nondipolar oscillation frequency is related to the soliton
having an effective mass of Ms = 2m. We have evaluated,
and corrected for, the effective mass of the soliton, as per
Ref. [52], and find no significant effect. The incapability
of conventional methods describing solitons in terms of a
particle model, so successful for nondipolar dark solitons,
used to describe the observed oscillations leads us to conclude
that the dipolar dark solitons are inherently extended and
nonparticlelike excitations, which cannot be decomposed from
the background BEC.
To assess the role of dimensionality, we have conducted the
corresponding simulations using the full 3D dipolar GPE [66].
The dimensional stability of the dark solitons in this system
is confirmed. Moreover, the 3D oscillation frequencies (blue
crosses and diamonds in Fig. 3) are similar to the 1D results,
although the RI regimes encroach to lower εdd in 3D. For
example, the 3D BEC is stable for −10 <∼ εdd <∼ −3 for as < 0
and −2 <∼ εdd <∼ 16 for as > 0. The decreased stability in 3D
is due to the role of transverse magnetostriction in facilitating
the RI [63]; indeed, as the ratio ωz/ω⊥ is decreased (system
made more elongated), the RI is suppressed and approaches
the 1D behavior.
Finally, we use 3D simulations to examine the dark solitons
achievable in the elongated system of a recent experiment [44]
with 164Dy atoms (add = 132a0), θ = π/2, and (ω⊥,ωz) =
2π × (128,2) Hz, with variations of εdd achieved through
Feshbach tuning of as [67] (this is distinct from our previous
results whereβ was fixed). Alongside introducing an off-center
black soliton into the initial condition (as done so far), we also
imprint a π -phase step in real time, akin to experimental en-
gineering of dark solitons [9,14]. This generates a soliton plus
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FIG. 4. Oscillation frequency and phase diagram for a dark
soliton in a 164Dy BEC with Feshbach tuning of as , based on a
recent experiment setup [44]. Shown are cases where the soliton
is imposed in the initial condition (blue triangles, as per Fig. 1)
and imprinted in real time (red crosses). Outside of the dark soliton
regime, the condensate is either roton unstable (red), an attractive
condensate incapable of supporting dark solitons (grey), or the dark
solitons are dimensionally unstable. Parameters: θ = π/2, (ω⊥,ωz) =
2π × (128,2) Hz, add = 132a0, and N = 10 000.
sound waves. The oscillation frequency and phase diagram is
depicted in Fig. 4. Stable dark solitons are supported for 0.4 <∼
εdd <∼ 1.8; across this range ωs changes by a factor of 2. Above
this range, the RI arises, matching the observed experimental
value of condensate collapse for this system. Below this
range, the dark solitons undergo the snake instability into
vortex rings. This is because the regime of small positive εdd
corresponds to large positive as and hence a small healing
length; when this becomes smaller than the transverse system
size, the condensate leaves the quasi-1D regime and becomes
3D in nature. For negative εdd, i.e., negative as , the large and
attractive contact interactions dominate to form a net attractive
trapped condensate, in which dark solitons are not supported.
In conclusion, dark solitons are supported in trapped
quasi-1D dipolar BECs, providing the background BEC is
itself stable and net repulsively interacting. These excitations
are accessible to current experiments. While dark solitons in
nondipolar trapped BECs oscillate at a robust, characteristic ra-
tio of the trap frequency, the oscillations in dipolar condensates
become strongly dependent on the atomic interactions, and
remarkably more sensitive than the collective surface modes.
Analytical models derived from previously successful methods
do not capture the interaction-dependent behavior. The dark
soliton is strictly an extended excitation, not amenable to
analytical treatment as a (local) particle, decomposable from
the background. These states might offer a novel platform to
study nonlocal dark solitons, to date observed in optics [68]
and liquid crystals [69], with the immense control afforded
by the atomic physics toolbox. Finally, our results show that
this species of quantum canary [23] is particularly sensitive to
the interactions, suggesting their use to probe the mesoscopic
details of the quantum field, such as current open questions
over quantum fluctuations in dipolar BECs [41,45,70,71].
Data supporting this publication is openly available under
an ‘Open Data Commons Open Database License’ [72].
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APPENDIX: SOLITON DYNAMICS
In this appendix we extend the main analytical approaches
for describing the particlelike motion of nondipolar dark
solitons in trapped condensates to include dipolar interac-
tions. The approach we consider follows that presented by
Frantzeskakis [25] for the nondipolar case, which we adapt
to include the effect of the nonlocal dipolar interactions. This
approach begins by defining the “renormalized energy” of a
dark soliton in a homogeneous dipolar system as the energy
of the soliton state minus the energy of the nonsoliton state
with the same number of particles, i.e., the energy associated
with the soliton being present. Denoting the wave function fea-
turing the dark soliton as ψs , the renormalized soliton energy is
Es =
∞∫
−∞
dz
[
h¯2
2m
|∇ψs |2 + h¯ω⊥asmf (z)2
]
+ EDDI, (A1)
where f (z) = |ψs(z)|2 − n0 is the renormalized density, with
n0 being the density of the homogeneous soliton-free state.
The renormalized energy contribution from the dipole-dipole
interactions (written in momentum space for convenience) is
EDDI = 12
∫ ∞
−∞
∫ ∞
−∞
dzdz′f (z)Uint(z − z′)f (z′)
= 1
4π
∫ ∞
−∞
dk ˜f (k) ˜Uint(k) ˜f (−k), (A2)
where the tilde denotes the Fourier transform.
We approximate the wave function of the dipolar
dark soliton with the wave function of the (nondipolar)
Shabat-Zakharov dark soliton for a uniform gas, given by
ψs(z) = √n0
[
βv tanh
(
z − z0
ξ
βv
)
+ i
√
1 − β2v
]
e−iμt/h¯,
(A3)
with βv =
√
1 − v2/c2, where v is the velocity of the soliton,
μ = n0g is the chemical potential of the background conden-
sate, c = √μ/m is the speed of sound, z0 is the initial position
of the soliton, and ξ = h¯/√mμ is the condensate’s healing
length (which characterizes the soliton size).
As reported in Refs. [51,52], away from the roton
and phonon instabilities, the true dipolar dark soliton of
the homogeneous system closely matches the (nondipolar)
Shabat-Zahharov soliton (A3) with the modified scattering
length aeff [as defined in Eq. (3) of the main paper]. Within
the local density approximation, these effective contact inter-
actions account for the effect of the dipolar interactions on
the healing length and speed of sound of the system, which in
turn specify the absolute size and speed of the soliton. Thus
we proceed by approximating the dipolar dark soliton solution
as an ansatz given by the Zakharov-Shabat solution (A3) but
with as → aeff . The mapping of the homogeneous chemical
potential follows as μ = 2h¯ω⊥n0as → μ = 2h¯ω⊥n0as[1 −
1
4εdd(1 + 3 cos 2θ )].
For this ansatz the Fourier transform of the renormalized
density, ˜f (k), is a function which decreases exponentially
with momentum as 1/ξ . Precisely, in our convention of
the Fourier transform, ˜f (k) = −πkξ 2n0 cosech( kπξ2βv )eiz0k . The
Fourier transform of the dipolar potential ˜Uint(k) on the other
hand is a function decreasing as 1/l⊥. Dimensional stability
of the dark soliton requires l⊥ < ξ . Thus in the integral (A2)
one can approximate ˜Udd(k) with its expansion around k = 0,
˜Udd(k) = 4U0l⊥
(
qeqE1[q] − 13
)
≈ −4U0l⊥
(
q[γ + ln(q)] + 13
)
, (A4)
where q = k2l2⊥/2, U0 = Cdd(1 + 3 cos 2θ )/32πl3⊥ and γ ≈
0.56 is the Euler-Mascheroni constant. Within these approxi-
mations, the renormalized energy of the dipolar dark soliton
in a homogeneous system as per Eq. (A1) is
Es = 43n0h¯cβ
3
v −
Cddn
2
0(1 + 3 cos 2θ )
2π5ξ
×
{
π4
15
[
γ + ln
(
2β2v l2⊥
π2ξ 2
)]
+K4
}
β5v , (A5)
whereKn =
∫∞
−∞ du u
n ln (u2)cosech2u andK4 ≈ 9.73. In the
absence of dipoles (Cdd=0) this reduces to the well-established
result Es = 43n0h¯cβ3v [24,25]. The second, additional term
accounts for the dipolar interactions.
Now, to extend this prediction for the soliton energy from
a homogeneous condensate to a trapped condensate, we can
adopt the method described by Frantzeskakis [25,73] in which
Eq. (A5) is assumed to hold locally for a background density
which varies slowly in space n(z). We replace all density de-
pendence in Eq. (A5) with the varying density of the harmon-
ically trapped condensate. We write this density analytically
in the Thomas-Fermi limit as n(z) = n0 − mω2zz2/4h¯ω⊥aeff ,
with aeff defined in the main paper, and make the replacement
n0 → n(z), including c → c(z) and ξ → ξ (z), in Eq. (A5).
A
B
0 π
ωs
2π
ωs
t/τ
z
/
l z
v = 0
z = z0
A
v = z0ωs
z = 0
B
FIG. 5. Left: Density of the atomic cloud with soliton as a
function of time and position. Right: Schematic cut through density
profile at two instances of times: t = 0, situation A, when the soliton
is displaced from the trap center by z0 and it has a zero velocity, and
t = π/(2ωs), situation B, when the soliton is at a quarter of period,
passing the center of the trap with the velocity ωsz0.
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Then, expanding the equation in the limit of slow solitons and after some manipulation, we write the result in the form
E(z,v) = E0 + 12msv2 + 14msω2zz2. (A6)
This describes the soliton as a particle with effective mass ms and rest mass energy E0. The effective mass is given by
ms = −
√
2n0
as
l⊥m[
1 − 14εdd(1 + 3 cos 2θ )
] + 5Cdd(1+3 cos 2θ )n3/20
4
√
2π5l3⊥ω2⊥a
1/2
s
[
1 − 14εdd(1 + 3 cos 2θ )
]2
{
π4
15
[
γ+2
5
+ ln
(
4n0as
π2
)]
+K4
}
.
(A7)
and the rest mass energy is
E0 = 43
(
2h¯3n30asω⊥
m
[
1 − 14εdd(1 + 3 cos 2θ )
]2
)1/2
− Cdd(1 + 3 cos 2θ )n
5/2
0 a
1/2
s√
2π5l⊥
[
1 − 14εdd(1 + 3 cos 2θ )
]2
{
π4
15
[
γ + ln
(
4n0as
π2
)]
+K4
}
. (A8)
This result tells us that the dipolar dark soliton behaves as
a nondipolar dark soliton with dipolar effective mass and
predicts the soliton oscillation frequency to be
ωs = ωz√
2
. (A9)
This incorrect prediction tells us that the observed soliton
oscillation frequency is not obtainable from the energy with
the assumptions used. Note that if the true (numerically
obtained) dipolar dark soliton solution is employed, then
the soliton energy, Eq. (A1), gives close agreement with the
prediction of Eq. (A6), in the appropriate limit (small soliton
oscillation amplitude, low speed, and a Thomas-Fermi-like
background condensate).
We further explore the role of the local density approxima-
tion through the law of conservation of energy, removing the
assumption of a stationary soliton from the previous analysis.
We compare the energy of a soliton at two instances in time,
denoted in Fig. 5 with A and B. Situation A corresponds to
the initial condition, t = 0, when the soliton is at position
z = z0 with v = 0. Then the soliton accelerates in the harmonic
potential and situation B is reached when the soliton passes the
center of the trap; then its position is z = 0 with the maximal
velocity. We observed numerically that the soliton is moving
periodically in the potential (see example in the left panel of
Fig. 5). Hence, at situation B, the velocity of the soliton should
be equal to z0ωs. In what follows we rewrite the estimation of
the energy, Eq. (A6), in terms of the chemical potential and
velocity of a dipolar soliton:
E(μ,v) =A0(μ − mv2)3/2 + A1(μ − mv2)5/2
+ B1(μ − mv2) ln
(
μ − mv2
h¯ω⊥
)
. (A10)
The exact form of the coefficients A0, A1, and B1 do not
play any role in the derivation below. If we assume the
Thomas-Fermi profile of the gas, then μ(z) = μ0(1 − z2/R2z ),
where Rz = 32 Ng˜h¯ωz , μ0 =
3Ng˜
4Rz , and g˜ = 2h¯ω⊥as[1 − 14εdd(1 +
3 cos 2θ )].
The energies in both situations, A and B, read
EA = E(μ(z0),v = 0)
= A0[μ(z0)] 32 + A1[μ(z0)] 52 + B1[μ(z0)] ln
(
μ(z0)
h¯ω⊥
)
,
EB = E(μ0,v = z0ωs)
= A0[μ0 − m(z0ωs)2] 32 + A1[μ0 − m(z0ωs)2] 52
+B1[μ0 − m(z0ωs)2] ln
(
μ0 − m(z0ωs)2
h¯ω⊥
)
.
The comparison between both energies is done only in the
limit  = z0/Rz 	 1. So for solitons relatively close to the
trap center, we expand the identity EA = EB to the second
order of . Simple algebra gives
ω2s =
μ0
mR2z
⇒ ω2s =
ω2z
2
. (A11)
The derivation is based on the following approximations:
(1) Approximate formula for the soliton energy,
(2) Local density approximation, and
(3) Expansion with respect to the small parameter z0/Rz.
The last approximation seems to be very reasonable,
even for the gas with van der Waals interaction, only we
expect that the sinusoidal oscillation with frequency ωz/
√
2
is valid for solitons localized close to the center of the
trap.
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